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ABSTRACT
In this paper, the endochronic theory combined with the principle of virtual work and finite
element analysis softwares, ANSYS and ABAQUS, are used for simulating the moment-curvature and
ovalization-curvature relationships of circular tubes subjected cyclic bending. Two different sizes of
the 316L stainless steel circular tubes subjected to cyclic bending are tested in this study. When
compared with experimental data, it is shown that three methods lead to good simulation of the
moment-curvature relationship. However, the endochronic theory combined with the principle of
virtual work has the closer simulation of the ovalization-curvature response with the experimental data
than the simulations by finite element analysis softwares, ANSYS and ABAQUS.
Keywords: Endochronic Theory, Principle of Virtual Work, ANSYS, ABAQUS, Cyclic Bending,
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摘

要

本文以內涵時間理論結合虛功原理、有限元素分析軟體 ANSYS 和有限元素分析軟體
ABAQUS 來描述圓管承受循環彎曲負載時的彎矩-曲率及橢圓化-曲率關係。在本研究中，兩種
不同尺寸的 316L 不銹鋼圓管承受循環彎曲負載下的行為也進行實驗的測試。當與實驗結果比較
後發現，三種方法皆可良好的描述彎矩-曲率的關係。然而，內涵時間理論結合虛功原理比有限
元素分析軟體 ANSYS 和有限元素分析軟體 ABAQUS 所描述的橢圓化-曲率關係較接近實驗結
果。
關鍵詞：內涵時間理論，虛功原理，ANSYS，ABAQUS，循環彎曲，彎矩，曲率，橢圓化
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Ⅰ. INTRODUCTION

Kyriakides [5] studied the degradation and
buckling of 6061-T6 aluminum and 1020 carbon
steel tubes under cyclic bending and external
pressure; Corona and Vaze [6] studied the
buckling and collapse of thin-walled seamless
steel square tubes under bending; Vaze and
Corona [7] experimentally investigated the
elastic-plastic degradation and collapse of steel
tubes with square cross-sections under cyclic
bending; Kyriakides and Lee [8] investigated the
lowest pressure at which confined collapse can
propagate in confined steel tubes; Corona et al.
[9] used a set of bending experiments conducted
on aluminum alloy tubes to investigating the
yield anisotropy effects on the buckling;
Kyriakides et al. [10] studied the plastic bending
of steel tubes with diameter- to-thickness ratio
(Do/t ratio) of 18.8 for exhibiting Lüders bands
through their experiment; Sakakibara et al. [11]
studied the effect of internal corrosion or erosion
defects on the collapse of pipelines under
external pressure.
In 1998, Pan et al. [12] designed and set up
a new measurement apparatus. It was used with
the cyclic bending machine to study various
kinds of tubes under different cyclic bending
conditions. For instance: Pan and Fan [13]
studied the effect of the prior curvature-rate at
the preloading stage on the subsequent creep
(moment is kept constant for a period of time) or
relaxation (curvature is kept constant for a
period of time) behavior; Pan and Her [14]
investigated the response and stability of 304
stainless steel tubes subjected to cyclic bending
with different curvature-rates; Lee et al. [15]
studied the influence of the Do/t ratio on the
response and stability of circular tubes subjected
to symmetrical cyclic bending; Lee et al. [16]
experimentally explored the effect of the Do/t
ratio and curvature-rate on the response and
stability of circular tubes subjected to cyclic
bending; Chang et al. [17] studied the influence
of the mean moment effect on circular
thin-walled tubes under cyclic bending; Chang
and Pan [18] discussed the buckling life
estimation of circular tubes subjected to cyclic
bending.
In this paper, the mechanical behavior of
circular tube under cyclic bending is
theoretically studied. Experimental data of the
moment-curvature and ovalization-curvature
responses of 316L stainless steel tubes under

Industrial circular tubular components
(such as: offshore pipelines, platforms in
offshore deep water, nuclear reactors, etc.) are
generally subjected to bending loads. The
bending of circular tubes leads to the ovalization
of the tube cross-section (the change of the
outside diameter Do (= Do-D’) divides by the
original outside diameter Do as shown in Fig. 1).
Reverse bending and subsequent repeated cyclic
bending may cause a gradual growth in
ovalization. The tube will buckle when a critical
magnitude of ovalization is reached. The
buckling of the tube element will cause a
disaster of the entire structure. Therefore, it is of
great importance to understand the response and
buckling of circular tubes under cyclic bending
in many industrial applications.

Fig. 1. The definition of ovalization

In 1982, Kyriakides and Shaw [1] first
designed and constructed the tube cyclic
bending machine. It was used to examine the
response and stability of elastoplastic pipes
under monotonic bending and external pressure.
Thereafter, the bending machine has been used
to investigate a series of tube materials under
monotonic or cyclic bending with or without
external pressure. For example: Shaw and
Kyriakides [2] researched inelastic behavior of
6061-T6 aluminum and 1018 steel tubes
subjected to cyclic bending; Kyriakides and
Shaw [3] extended the analysis of 6061-T6
aluminum and 1018 steel tubes to the stability
conditions under cyclic bending; Corona and
Kyriakides [4] investigated the stability of 304
stainless steel tubes subjected to combined
bending and external pressure; Corona and
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cyclic bending are used for comparison. Three
different analysis methods, the endochronic
theory combined with the principle of virtual
work, finite element software ANSYS and finite
element software ABAQUS, are included. It is
shown that the three analysis methods lead to
good
simulation
of
moment-curvature
relationship. However, the endochronic theory
combined with the principle of virtual work has
the best simulation of the ovalization-curvature
response when compared with the experimental
data and the simulations by ANSYS and
ABAQUS.

Fig. 2. Schematic drawing of the tube- bending
device

Ⅱ. EXPERIMENTAL FACILITY,
MATERIALS, SPECIMENS AND
TEST PROCEDURES
In this study, the cyclic bending
experiments on 316L stainless steel tubes are
conducted using a tube-bending device and a
curvature-ovalization measurement apparatus.
Detailed descriptions of the device, apparatus,
materials and test procedures are stated in the
following.

Fig. 3. Schematic drawing of the COMA

2.2 Curvature-ovalization measurement
apparatus (COMA)

2.1 Tube-bending device
A schematic drawing of the tube-bending
device is shown in Fig. 2. It is designed as a
four-point bending machine, capable of applying
reverse cyclic bending. The device consists of
two rotating sprockets resting on two support
beams. Heavy chains run around the sprockets
resting on two heavily supported beams 1.25 m
apart. This allows the maximum length of test
specimen to be 1 m. The bending capacity of the
machine is 5300 N-m. Each tube is tested and
fitted with a solid rod extension. The contact
between the tube and the rollers is free to move
along the axial direction during bending. The
load transfer to the test specimen is formed by
concentrated loads from two of the rollers in the
form of a couple. Once either the top or bottom
cylinder is contracted, the sprockets are rotated,
and pure bending of the test specimen is
achieved. Reverse bending can be achieved by
reversing the flow direction in the hydraulic
circuit [2-3, 12-14].

The COMA is an instrument used for
measuring the tube curvature and ovalization of
a tube cross-section. Fig. 3 shows a schematic
drawing of COMA. It is a lightweight
instrument, which can be mounted close to the
tube mid-span. There are three inclinometers in
the COMA. Two inclinometers are fixed on two
holders, which are denoted as sideinclinometers (see Fig. 3). These holders are
fixed on the circular tube before the test begins.
Based on the fixed distance between the two
side-inclinometers and the angle changes
detected by the two side-inclinometers, the tube
curvature can be obtained by simple calculation.
In addition, by using the magnetic detector on
the middle part of COMA to measure the change
of outside diameter, the ovalization of the tube
cross-section can be determined. A detailed
description of the tube-bending device and the
COMA can be found in Pan et al. [12].
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2.3 Material

2.5 Experimental procedure

Circular tubes made of 316L stainless steel
is used in this study. The tube’s chemical
composition (in mass percentages) is Cr
(17.51%), Ni (12.88%), Mn (1.66%), Si
(0.43%), …., and the remainder Fe. The 0.2%
proof stress was 281 MPa, and its ultimate
tensile stress was 583 MPa with a 62% percent
elongation.

In this study, cyclic bending test is
conducted by using the tube-bending device.
The experiment is the curvature-controlled
cyclic bending test. The magnitude of the
curvature is controlled and measured by COMA,
which also measured the ovalization of tube
cross-section. The bending moment can be
calculated from the signals detected by the two
load cells mounted on the tube-bending device.

2.4 Specimens

Ⅲ. ENDOCHRONIC THEORY
COMBINED WITH PRINCIPLE OF
VIRTUAL WORK

There are two different sizes of the 316L
stainless steel tubes for this test as shown in Fig.
4. One is the outside diameter of 36.3 mm and
wall-thickness of 0.6 mm which is denoted as
“Tube A”. The other is the outside diameter of
27.2 mm and wall-thickness of 0.5 mm which is
denoted as “Tube B”.

In this section, the kinematics of the tube
cross section, the constitutive model and the
principle of virtual work are discussed
separately.

3.1 Kinematics
A circular tube subjected to cyclic bending
is considered in this study. Fig. 5 shows the
problem geometry, in which Rm is the mean
radius, and t is the wall thickness. Based on the
axial, circumferential, and radial coordinates x,
 and r, the displacements of a point on the
tube’s mid-surface are denoted as u, v and w,
respectively.
The kinematic relations required must be
general enough to accommodate ovalization of
the cross-section. Such a set of relations has
been developed by Gellin [19] and used
successfully by Kyriakides and Shaw [1]. Briefly,
it is assumed that the plane sections
perpendicular to the tube mid-surfaces before
and during deformation. The strains are assumed
to remain small but finite rotations about both
axes of bending are allowed. The axial strain is
expressed as (Kyriakides and Shaw [1], Shaw
and Kyriakides [2]):
(1)
 x   x0  h  
and
(2)
h  ( Rm  w) cos   v sin   Z cos 

Fig. 4. A Picture of “Tube A” and “Tube B”

where  x0 is the axial strain of the cylinder’s
axis, h is distance between the point and the
horizontal plane passing through the center of
the cross-section,  is the tube curvature and Z

Fig. 5. Problem geometry of circular tube subjected
to pure bending
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is the distance between the point and the
midpoint surface. The circumferential strain is
(3)
    0  h 
where
(v '  w) 1 v '  w 2 1 v  w ' 2 (4)
 0 
 (
)  (
)
Rm
2 Rm
2 Rm
and

mathematical characteristic of the kernel
function ρ(z), Equation (6) is expressed as (Pan
et al. [21]; Pan and Chern [22]):
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Based on the assumption of small
deformation for homogeneous and isotropic
materials, the increment of the deviatoric stress
tensor d s of the endochronic theory is given as

~

i 1

By using Eq. (12), Equation (14) can be
expressed in terms of the stress and strain
tensors as

3.2 Endochronic constitutive equations

~

~

i 1

(4)
Where Ci and  i are material constants.
Substituting Eq. (8) into Eq. (13) leads to
n
0
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(Valanis [20])
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d s  2  (0)d e  2 h( z )dz

n

p
d s   d s  2 Ci d e   i s dz (13)

(8)

1

(6)

(16)

 (0)
1
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where e denotes the deviatoric strain tensor,

3.3 Principle of virtual work

and  o is the elastic shear modulus. The
intrinsic time measure  is

The principle of virtual work, which
satisfies the equilibrium requirement, is given by

~

d  d e

p



(9)

~

ij

 ij dV  W

(17)

V

in which ||.|| represents the Euclidean norm. The
intrinsic time scale z is
d
(10)
dz 
f ( )
where f ( ) is a material hardening function
which can be expressed as

where V is the volume of the material of the
tube section considered, and W is the virtual
work of the external loads. For the case of a
circular tube subjected to cyclic bending, the
quantity of W for the incremental loading can
be expressed as

 (

f ( )  1  Ce   , for C < 1

(11)
in which C and  are material parameters. If
plastic incompressibility is satisfied, the elastic
hydrostatic response can be written as
d kk  3Kd kk
(12)

ij

  ij )ij dV

V


 2R 
0

where  kk and  kk are the traces of stress
and strain tensors, respectively, and K is the
elastic bulk modulus. According to the



t 2



 [

x

‧

  x ] d T d   0 (18)

t 2



where  x     x and (
) denotes the
increment of ( ). The in-plane displacements v
and w are assumed to be symmetrical and are
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approximated by the following expression
(Shaw and Kyriakides [2], Kyriakides and Shaw
[3]):
N

v  Rm  a n sin n ,
n2

N

w  Rm  bn cos n

(19)

n0

where the number of terms N is chosen to ensure
satisfactory convergence. Kyriakides and Shaw
[3] investigated the sensitivity of the
moment-curvature and ovalization-curvature
response for monotonic pure bending to the
number of expansion terms used in Eq. (19).
Those equations clearly indicate that N = 4 or 6
is sufficient. By substituting Eqs. (1)-(5), (19)
into Eq. (18), a system of 2N+1 nonlinear
.

.

.

algebraic equations in terms of a 2 , a 3 , …., b 0 ,
.

.

b 1 , b 2 ,…,  x0 are determined. This system of

Kyriakides and Shaw [3] provide a more
detailed derivation of the equation system. Fig. 6
shows the main steps of the numerical solution
in a flow chart. In addition, the steps of
calculating the stress-strain relationship using
endochronic theory are demonstrated in a flow
chart in Fig. 7. When the tube subjects to
bending, the stress and strain will produce in
logitudinal direction (x-direction) and hoop
direction (-direction). However, the strain and
stress in radius direction (r-direction) are
neglected. In the analysis of the endochronic
theory combined with the principle of virtual
work, x and  dierections are 1 and 2 directions,
respectively. From Eq. (19), the incremental
displacement ( v and w ) of each point on the
tube’s cross-section can be determined. Let’s
consider the values of v and w at  = 0 and  = ,
the ovalization of the tube’s cross-section is
obtained.

equations is solved using the Newton-Raphson
method. The iterative scheme contains nested
iterations for the constitutive relations.
Start

Calculate parameters
of eq. (18)

Initialize:
εij=0,ζ=0,  ij0  0 , κ=0

Solve eq. (18) using
Newton-Raphson method
‧ ‧ ‧
and find ε11、an、bn

an=0,bn=0,w=0,v=0

Input dκ
κ=κ+dκ

No

Converge?
‧ ‧‧
ε11, an, bn

Yes

Calculate dεij

From (19), calculate:
(1) ovalization(ΔD/D),
(2) moment(M)

Input initial guess


‧‧

 110 an, bn
Update:
εij=εij+dεij
an= an+ dan ，bn= bn+ dbn
σij=σij+dσij ，Sij=Sij+dSij

‧‧
(1) Calculate w,v,w,v by eq.(19)
‧ ‧
(2) Calculate ε11, ε22 by eqs. (1)~(5)

‧ ‧
Calculate σ11, σ22
from Subroutine in
Fig. 6

No

Fig. 7. Flow chart of the calculation of the
endochronic theory

εij=(εij)c

Yes

Ⅳ. FINITE ELEMENT ANSYS
AND ABAQUS

End

Fig. 6. Flow chart of the numerical solution procedure

Due to the great progress in computation
speed and great improvement in the theory for
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describing the elastoplastic response in finite
element method in recent years, the accuracy of
calculation by finite element method gets better.
In this study, the finite element softwares,
ANSYS and ABAQUS, are used to simulate the
response of circular tube under cyclic bending.
As for the material elastoplastic behavior,
the multilinear segments of the stress-strain
relationship for 316L stainless steel as shown in
Fig. 8 are considered in this case. The hardening
rule used is the kinematic hardening rule.
Due to the symmetry of the tube, only half
of the tube was considered in this analysis. Figs.
9-10 demonstrate the mesh and boundary
condition of the finite element ANSYS,
respectively, and Figs. 11-12 demonstrate the
mesh and boundary condition of the finite
element ABAQUS, respectively.

1
ELEMENTS
APR 23 2009
14:34:23

U

Y
Z

X

Fig. 10. Boundary condition of the finite
element ANSYS

Fig. 11. Mesh of the finite element ABAQUS

Fig. 8. Multilinear segments of the stress-strain
relationship for 316L stainless steel
1
ELEMENTS
APR 23 2009
14:33:02

Y
Z

X

Fig. 12. Boundary condition of the finite
element ABAQUS

Ⅴ. EXPERIMENTAL AND
THEORETICAL RESULTS
Figs. 13(a) and 13(a) show the
experimental results of cyclic moment (M) curvature (κ) curve for Tube A and Tube B,
respectively. The controlled minimum and
maximum values of curvature are -0.3 and 0.3

Fig. 9. Mesh of the finite element ANSYS
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m-1. It is observed from the M-κ curve that the
316L stainless steel tubes exhibit cyclic
hardening and become gradually steady after a
few cycles for symmetric curvature-controlled
cyclic bending.
According to the method proposed by Fan
[23], the material parameters for endochronic
theory of 316L stainless steel are determined to
be: 0 = 72 GPa, K = 154 GPa, C1 = 4.85 × 105
MPa, 1 = 8730.4, C2 = 5.46 × 104 MPa, 2 =
958.3, C3 = 4.7 × 103 MPa, 3 = 168.9. Since the
simulation of the M-κ behavior by the finite
element method does not consider the cyclic
hardening phenomenon, the endochronic theory
also
ignored
the
cyclic
hardening
phenomenon.Thus, the material function in the
endochronic theory should be equal to one. The
values of the material parameters C and  in
material function are zero (Pan and Chern [23]).
Figs. 13(b), 13(c) and 13(d) show the
corresponding analyses for Tube A by the
endochronic theory combined with the principle
of virtual work, the finite element ANSYS and
the finite element ABAQUS, respectively. In
general, three analyses can very well simulate
the M-κ response. Similar outcome is found in
Figs. 14(a)-(d) for Tube B.
Fig. 15(a) shows the experimental cyclic
ovalization (ΔDo/Do) - curvature (κ) curve for
Tube A. It is shown that on first loading, the
ovalization grows to a maximum value at the
maximum curvature. On unloading to zero
curvature, some permanent deformation of the
tube cross section is observed. Continuous
reverse bending to the minimum curvature
causes the ovalization to increase again. The
ovalization increases in a ratcheting manner with
the number of bending cycles. Figs. 15(b), 15(c)
and 15(d) show the corresponding analyses by
the endochronic theory combined with the
principle of virtual work, the finite element
ANSYS and the finite element ABAQUS,
respectively. It can be seen that the simulations
by these three methods have some deviation
from the experimental data, but the theoretical
analysis by the endochronic theory combined
with the principle of virtual work provides the
better result when compared with the
simulations by ANSYS and ABAQUS and the
experimental data. Similar outcome is found in
Figs. 16(a)-(d) for Tube B.

(a)

(b)

(c)
(d)
Fig. 13. Cyclic moment (M) - curvature (κ) for
Tube A. (a) Experiment result, (b)
theoretical analysis by the endochronic
theory combined with the principle of
virtual work, (c) theoretical analysis by
ANSYS and (d) theoretical analysis by
ABAQUS

(a)

(b)

(c)

(d)

Fig. 14. Cyclic moment (M) - curvature (κ) for
Tube B. (a) Experiment result, (b)
theoretical analysis by the endochronic
theory combined with the principle of
virtual work, (c) theoretical analysis by
ANSYS and (d) theoretical analysis by
ABAQUS
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Ⅵ. CONCLUSIONS

(a)

In this study, the response of circular tubes
is theoretically investigated. According to the
experimental and theoretical results, the
following important conclusions are apparent
from this investigation:
(1) For symmetric curvature-controlled cyclic
bending, the M – κ loop of the 316L
stainless steel tube shows cyclic hardening.
But the loops become gradually steady
after a few cycles.
(2) For symmetric curvature-controlled cyclic
bending, the ΔDo/Do – κ curve of the 316L
stainless steel tube shows the increased
ratcheting with the number of cycles.
Moreover, persistent cycling eventually
leads to buckling.
(3) The three analysis methods reveal a good
simulation for the M-κ response. However,
for the ΔDo/Do – κ response, the theoretical
analysis by the endochronic theory
combined with the principle of virtual
work leads to the better simulation when
compared with simulations by the finite
element ANSYS, the finite element
ABAQUS and experimental data.

(b)

(c)
(d)
Fig. 15. Cyclic ovalization (ΔDo/Do) - curvature (κ)
for Tube A. (a) Experiment result, (b)
theoretical analysis by the endochronic
theory combined with the principle of
virtual work, (c) theoretical analysis by
ANSYS and (d) theoretical analysis by
ABAQUS
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