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ABSTRACT

This research proposes a practical method to implement frequency scaling of adaptive analog
filters. Frequency scaling is currently well known skill to transfer a low-pass prototype filter into
another low-pass filter with different cut-off frequency. It is a mathematical methodology to have the
passband change. Here, state feedback approach is used to shift poles of the original low-pass
prototype filter to the desired poles location so that a new filter that has the desired passband and the
desired cut-off frequency can be obtained. This approach also makes filters potentially achieve
adaptive performances. Frequency scaled filters and state feedback controlled filters are also compared
to show the feasibility of this approach in this paper.
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I. INTRODUCTION

Frequency scaling is one of the major
concepts to design low-pass filters. It will affect
further design on high-pass filters, band-pass
filters or band-reject filters [1]. This process
adjusts passband of the prototype low-pass
filters by changing cut-off frequency. In the
practical implementation of changing cut-off
frequency, the filter circuit may require
switching different values of electronic devices
[2]. If filter design can make filters have
different passband without switching any
electronic devices, this contribution would be
huge in the filter design field [3,4].

If filters can be adjustable due to different
environments or different desired working
conditions. It would reduce cost of filters and
size of products; therefore, to make filters
adaptive become a major issue to concern with
the current filter design. For example, in
communication systems, simplifying the filter
circuit is very important. Cost and size could
affect sales. Communication systems are
expected to experience many different kinds of
environments and working conditions, such as
temperature change, shaking environment and
the desired passband.  These all require
changing the characteristics of filters. So,
adaptive control for filters becomes a major
concept to overcome these problems. State
feed-back control would be a good method to
implement this task.

From the studying of analog filter design, it
clearly shows that every different kind of filter
has its own poles [5,6]. The poles are like
fingerprints to human in filters; therefore, if we

can appropriately utilize this characteristic, new
intelligent filters can be designed.

State feedback is applied to achieve the
goal of building such intelligent filters in here
[6]. State feedback is known to use in close-
loop control in state models [7]. In the other
words, modern control theory is used to have a
close-loop control in filters [8]. By this
approach, characteristics of filters can be
changed. In state feedback control, it is known
that if state variables are not available,
observers are needed. In the practical filter
design, a passive filter is usually a RLC circuit,
state variables of filters are easy measured and
obtained; therefore, consideration of observers
is unnecessary.

1. APPROACH

A block diagram shown in Fig. 1 is
sketched to show the approach of the adaptive
filter design. The overall process of design can
be probably divided into three steps. The first
step is to find the state model of the original
low-pass prototype filter, H ,,(S) that

represents all types of filters such as
butterworth filters and chebyshev filters . The
second step is to find the poles of frequency
transformed state models such as frequency
scaled filters, band-pass filters and high-pass
filters. The final step is to use the poles found in
the second step as desired poles for the state
model of H (S) ; therefore, state feedback

gains used to transfer a low-pass prototype filter
to another type of filter can be found.

Low-pass State model Calculate

prototype filter 2" canonical N of a| required

H 0 (S) form H 0 (S) feedback

gains

Frequency
transformation Desired poles
Frequency scaling

- Frequency

Band-pass filter nd ; Poles of the

: . 2" canonical transferred 8
ngh-.pass filter — form —> state model —> new filter

Fig. 1. The design flow of adaptive filters design.
I1l. MAIN RESULTS Consider a general filter function
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H 5 (S) that denotes the low-pass prototype



transfer function and can be presented by a
polynomial in S over a polynomial in S

ibksk
HLPP (S) = k,\TU (1)

a S

g

where M =N = the highest order of numerator
or denominator. a, and b, are constant

parameters of denominator and numerator
respectively.

The reason why M =N is defined, because
it helps to simplify sketching the block diagram
of filters by second canonical form in the
further step. A frequency scaled filter transfer
function H *(s) can be obtained by frequency

transformation with a scaling factor k, that is

Zb(/)

real and positive [9].
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Now, Apply second canonical form and
define a variable w. Eq.(1) can be presented as

V) ;b  S)w "
ues)
(ZakS w

where v (s) = (i bS)w; U(S) = (EN: a, S )w.
k=0 k=0
In time-domain,

y = by (W™ + by (W)™ 2+ .+ b(w) +byw (5)

u=a, W™ +a, W)+ ... +a,(w) +a,w (6)

where the superscript (M) and (N ) denote

derivative order of w
Eq.(6) can be revised as

w)" = _8yy 4 W™D

Based on Eqg.(5) and Eq.(7), a block
diagram of the low-pass prototype filter,
H_.»(S) can be sketched as Fig. 2.

HfS(S)=HLPP(S 5% (2)
* Za(/)
Let  « _b, and a, . So,
R A 7
ibfs*
H fs (S) — k;o (3)
zakfssk
by
bM—l
u
—>/a, | —» >I >I ------
N1/
_al/aN
_aO/aN

Fig. 2. The block diagram of H ., (S).

A state model obtained from Fig. 2 is
shown as

X =X,

X =X,
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y =byXx, +b,x, + + by (X ) +by (%) (8b)

Because of M=N, x, =x,- For
simplification, define another state variable x_
to represent x,, x, at the same time with
p=1~N, p=1~M and M =N =P. Therefore,

y =byx, +b,x, + (9)

+bp71(xp)+bp()'<p)

where

(%,) =—%p (xl)—%p (%)~

then,

y =byx, +b,x, +

D=2 0= 06) = ()4 Y4 ]
~ (b, e b
= (b, Y )% + (b a Xy + oo

ba,_, b
AR o
Now, use a standard state model to

represent the state equation and the output
equation derived from Fig. 2.

X = AX+ Bu
{ y =Cx+Du (11b)
where
u
]/aN fs + » J. » .[

X
X
x=|¢
XF’
) 1 0 0 0
0 0o 1 . 0 .
Aol : Lo : v B=| o
0 0 0 1 1
“% -a ~ 8 a,
,aP ap aP
b a b a b.a, .
C= (bo_ ;0) (b1_ ; l) EED (bpfl_ papl)
L p p P
o- ﬂ
L3

Next, for the state model of frequency

scaled filtersH *(s). The same process finding
state model of H, ..(s) by second canonical

form can be applied too. So, in time-domain,
Eq.(3) can be also shown as Eq.(12) and Eq.(13)
and a block diagram can be sketched as Fig. 3.

y= bM ® (W)(M) +bM-1fS(W)<M71) +

u=ay B w)™ +aN—1fS W)™+

b ) +b,w  (12)
+a,w) +a,"w  (13)

superscript (v) and (N) denote

fs o F
(11 order of w.

Fig. 3. The block diagram of H *(S)

A state model obtained from Fig. 3 is
shown as

(14a)



Same here, define another state variable
X, to represent x,,x, at the same time with

p=1~N , p=1~-M and mM=N=p for
simplification. Therefore,
y =b, "% +b, %, .. +b,,"(x,) +b, " (X,) (15)
where
. . (16)
. _7a 731 _ 7ap1
(x,) = Avs (%) A!s(xz) ------- apv (x)+ Y
then,
Y = by X+, %, et by B (X)) +
. 17
b,,f[—aﬂ/p.(xo—l 00) —a'ﬂA@(xmy | (7
b fsa fs fs . fs
= (b, — )% + (B, — 2 afj Yy + o
aP ap
. b fsa ) fs fs 18
+(bp71f o ;;1 )Xp+ pfsu ( )
p p
Now, use a standard state model to

represent the state equation and the output
equation derived from Fig. 3.

x=A"x+B"u (19a)
y=C"*x+D"u (19Db)
where
1 0 0
% 0 1. 0
X
X= _2 Afs_ : :
’ 0 0 O 1 f
Xp _ aofs _ alfs _ ap71 s
fs fs o fs
a, a, a,
0
B*=| o
1
apfs
. bls fs . fs, fs . b'537'5
C'S—{(bo* I R (I
ap aP ap

Now, in order to frequency scale the low-
pass prototype filter, the desired poles of
H,.»(S) State model that are the eigenvalues of

the matrix A® need to be found first [9].
Therefore,

P, =eig(A®) (20)
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Define a state feedback gain -G for Eq.(11),
H, .. (S) state model. Then, the state feedback

can be wrote as

u=-Gx (21)
Next, Eqg.(11a) can be revised as
% = AX — BGX (22)
— (A—BG)x (23)
Let eig(A— BG) = eig(A") (24)

The state feedback gain —G can be obtained
by comparing the characteristic polynomials of
matrix (A-BG) and (A®).

det(SI — (A— BG)) = det(SI — A*) (25)
where | is an identity matrix.

— G will be the gain that transfer the low-
pass prototype filter into the frequency scaled
new filter by state feedback approach. State-
feedback only changes the pole of the system.
In the other words, feedback gains only affect
the state equation of the system. The output
equation of the close-loop controlled system
should use the output equation of the frequency
transformed state model, because the block
diagram of close-loop controlled filter block
diagram should has same structure as the block
diagram of frequency transformed state model.

Such a low-pass to  low-pass
transformation by state feedback control, the
features of filters can be summarized as:

A. Poles and Zeros

Since k; is real and positive, the

magnitude of the poles and zeros are scaled but
not the phase angles. A pole/zero plot of

H *(S) will be identical to that of H ., (S)
except that the axes will be scaled by K .

B. Magnitude Frequency Response and
Phase Response

The magnitude frequency response and
phase response maybe summarized as follows:

[H (W) =[H e (/) (26)
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and, ZH " (jw) = ZH g5 (jw/k,) (27)
Therefore, plots of the transformed
(frequency-scaled) magnitude  frequency

response, (26), and the phase response, (27), are
identical to those obtained from the low-pass

prototype except for the frequency axes by K .

C. Phase Delay and Group Delay

Phase delay and group delay may be
summarized as follows:

tas (w) =te5" (w/k, ) /K, (28)
and,

tgf,(w)=t;§’F’(w/kf)/kf (29)

Therefore, plots of the transformed

(frequency-scaled) phase delay (28), and group
delay (29), not only have the frequency axes

scaled by k,, but the amplitude axes and

scaled by % .
f

D. Time-Domain Response

The unite impulse
summarized as follow:

response may be

h® t= kf hLPP (kft) (30)

Note that the transformed (frequency-
scaled) unit impulse response, as shown in (30),
is a time—scaled version of the prototype unit
impulse response and is also amplitude scaled

by k.. If k, >1, then h™(t) will be greater

in amplitude and time-compressed, compared to

hLPP (t) .
The unit step response may be summarized
as follow:

h,* () =h,"" (k,t)

Note that the transformed unit step
response, as shown in Eq.(31), is a time scaled
version of the prototype unit step response with
no corresponding amplitude.

IV. ILLUSTRATIONS

A 3th order Butterwoth low-pass prototype
transfer function

1

withwe=1 (32)
S®+25%+25+1

H LPP (S) =

The frequency response and the pole-zero
plot are shown in Fig. 4.

magnitude response of 3th arder butterworthlow-pass filter with Ye=1

amplitude

4 5 B

pole - zera plat of the filter

Imag Asis

-1 0.9 -0.8 0.7 0.6 -0.s5 -0.4 -0.3 0.2 -0.1 o
Real Axis

Fig. 4 The frequency response and the pole-zero plot.

If it is desired that the cut-off frequency,
Wc =100. First of all, in order to find the state

model of H - (S). The block diagram of the
filter needs to be drawn by the 2nd canonical

from as Fig. 5.
Therefore, the state model is shown as

X 0 1 o0fx/| [0
X, /=0 0 1 |x,[+|0u (33a)
X, -1 -2 -2 x| |1
Xl
y=f o O{XZ} (33b)
XS

A 4

A 4
v
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Fig. 5. The block diagram of H ., (S) .

. % (35b)
Next, for the state model of Wc =100, y=[x10° 0 0]x,
X3
ey ~ 10° (34)
HEE)=Hi () IS*%UU_ S8 +2x10%S% +2x10*S +10° magnitude response of 3th order butterwothiow-pass filter with We=100
- 08
The frequency response and the pole-zero o
plot of H ()|, are shown in Fig. 6. "o 1
And the block di fH™(S - i - -
nd the block diagram o (S) |wetoo Y
is shown as Fig. 7. Therefore, The state model
s H } e S S 4
Of H*(S) |,y 1S SHOWN @S |
100

120 100 -80 B0 - -40 -20 o
)'(1 O 1 O X1 O (35a) Real Axis
X, |= 0 0 1 x|+ 0 |u .
% | |-1x10° —20000 —200|x,| |1x10° Fig 6. The frequency response and the pole-zero

plot of H * (S) ‘Wc:lOO :

Xa Xy Xy

\ 4
—
<

o —1x10°%|__,

W w
Fi ™ Theb’ R ate) R
X3 X3 X2 X2 Xl Xl
y
\'
J > > -
W W w

-198

-19998
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-99999

Fig. 8. The block diagram of the close-loop controlled filter with preliminary

feedback U = —-GX+V.

The poles of H*(S) |, are -100 ,
-50+86.6i that will be the desired pole of close-
loop control on the H ,(S) State model.
Therefore, the state feedback gains that can

transfer — H ,(s) 10 H®S) | IS
G =[99999 19998 198] and the close-loop
controlled filter model
%, 0 1 0 Al 36a
%|=| 0 0 1|-1x10° (362)
% | |-100000 -20000 - 200 ] x, ]
This output equation uses the same

numerator polynomial as Eq.(34). In the other
words, the block diagram drawn by the second
canonical form of this close-loop controlled filter
shown in Fig. 8 will have same structure as Fig.

7.
Xl
y=[ 0 0]x,
XB

The frequency response and the pole-zero
plot of this close-loop controlled filter are show
as below.

(36D)

¥ state feesback contnl

Fos}

Fos|
o4

Fig. 9. The frequency response and the pole-zero

plot of this close-loop controlled filter.

Now, we can compare the theoretical
frequency scaled filter in Fig. 6 and practically
implementing state feedback control in Fig. 9.
These two low-pass filters having Wc = 100
are almost identical. This shows the feasibility
of achieving adaptive filters by state feedback
approach.

VIl. CONCLUSIONS

This paper is primary research of
implementing adaptive analog filter design by
state feedback approach. It provides a new
concept to implement frequency scaling of filter
design. This technique is used in not only low-
pass to low-pass transformation but also low-
pass to high pass transformation, low-pass to
band-pass transformation, and low-pass to
band-reject transformation. This method does
not restrict using in any type of filters. This
research opens a new door for adaptive filter
design field. Based on one filter circuit, low-
pass filters, high pass filters, and band-pass
filters will all be achieved without changing
circuit design or switching any electronic
devices.
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